A new possible mechanism of signal detection in the THz range is investigated, based on the excitation of resonances due to the tunneling effect between two graphene nanoribbons. A simple detector is proposed, where two graphene nanoribbons are used to contact two copper electrodes. The terminal voltages are shown to exhibit strong resonances when the frequency of an external impinging field is tuned to the characteristic tunneling frequency of the graphene layer pair. An electrodynamic model for the electron transport along the graphene nanoribbons is extended here to include the tunneling effect, and a coupled transmission line model is finally derived. This model is able to predict not only the tunneling resonance, but also the well-known plasmon resonances, related to the propagation of slow surface waves.
Introduction
The terahertz range is a fascinating and promising frontier of research for a wide range of technological applications, from medical imaging to security, from astrophysics to consumer electronics [1] [2] [3] . The quickly increasing interest in THz range technology is driven by the possibility to fabricate reliable and portable coherent sources and sensitive detectors, in order to exploit the features of the field in such a range (0.1-10 THz), also known as the submillimeter wave range (1-0.03 mm).
OPEN ACCESS
The THz range has begun to be explored thoroughly only over the last decade given the difficulties to approach such a range, either by extending the paradigms of the RF/microwave technology (hence, coming from lower frequencies) or those of the infrared (IR), or far infrared (FIR) technology (hence, coming from higher frequencies), e.g, [4, 5] . The THz range is, indeed, a sort of an unexplored "boundary" region between electronics and photonics, which was usually referred to as the "THz gap", to underline the difficulty to access this range by using the classical electronics or photonics technologies. In fact, classical microwave devices exhibit a dramatic drop of performance for frequencies above 100 GHz, due to the degradation of the transport properties. In addition, classical photonics devices cannot be efficiently used for frequencies below 10 THz, due to the steep increase of the conversion of the photon energy to the thermal energy.
Using classical materials and classical design approaches it is extremely difficult to realize a compact THz circuit: it is indeed difficult to design lumped elements whose characteristic dimensions become comparable to, or higher than, the wavelength. For the same reason, the electrical interconnects no longer behave as transmission lines carrying only the fundamental mode, but rather as multimode channels, which makes frequency tuning difficult, limits the range of operating frequencies, and introduces high sensitivity to errors of their setting. Furthermore, low-loss, hollow, single-mode waveguides and resonators would require a costly surface purity. As a consequence, there is a lack of efficient sources of submillimeter-wave power sources, detectors, and low-loss interconnects in such a range, compared to the well-assessed RF/microwave or IR/FIR technology.
The recent advances in nanotechnology suggested an alternative route to the THz technology, based on fascinating mechanical, electronic, and optical properties of the different nano-materials proposed in the last decade. Single-mode components (photonic crystals, transmission lines, microcavities, antennas) and lumped elements (capacitors, inductors, resistors, interconnects) have been fabricated by means of nano-sized elements, exploiting their novel electromagnetic properties. In general, they are related to their discrete spectrum of energy states, which is a consequence of the spatial confinement of the charge carrier's motion to sizes comparable with the de Broglie wavelength. These nanostructures are characterized by novel dispersion providing their unusual electromagnetic response.
Carbon-based materials, like carbon nanotubes (CNTs) or graphene nanoribbons (GNRs), are definitely the most promising nanostructured materials for realizing the building blocks of high-frequency devices [5] [6] [7] , given their outstanding electrical, thermal, and mechanical properties [8] [9] [10] , which make them of great interest for THz applications [11] [12] [13] [14] . Indeed, carbon-based materials are proposed for several THz devices, like ballistic transistors [15] , or waveguides and nanoantennas [16, 17] .
Carbon materials are suitable for realizing THz sources and emitters [18, 19] . To this end, two main mechanisms have been proposed to excite resonances in the THz range. The most popular one is based on plasmon resonances. In fact, in the THz range the carbon nanotubes and the graphene nanoribbons allow the propagation of slowly-decaying surface waves (plasmons), with almost frequency-independent wavenumber and phase velocity usually two order of magnitude smaller than the speed of light in vacuum. These properties make graphene-based materials excellent candidates for THz nano-antennas, realized with technologically-affordable lengths, e.g., [17, [20] [21] [22] [23] .
Another interesting mechanism to realize THz narrow-band emitters or detectors is based on the excitation of interband transitions, which can be obtained in two ways: by applying an external magnetic field [24] or by controlling the curvature (in CNTs) or edges (in GNRs) [5] .
This paper presents a third way to excite resonances in the THz range, based on the tunneling effect between two graphene nanoribbons. A simple detector is proposed in Section 2, where the electrodynamic model used to study its behavior is also derived. The model is an extension of that presented in [25] , here updated to include the tunneling effect. Section 3 first shows that the model is able to describe the well-known plasmon resonances. Then, the model is used to study the new kind of THz resonances arising from the coupling between the two graphene layers, via tunneling.
Electrical Response of a Bi-Layer Graphene Nanoribbon THz Detector
The THz detector proposed here is depicted in Figure 1 , and is made as a microstrip-like circuit, where two copper electrodes are connected by bi-layer graphene nanoribbons. Figure 1a shows the entire device whereas, in Figure 1b , the bi-layer structure of the graphene nanoribbon contact is highlighted. In view of studying the electrical properties of the GNR contact, we must include the effect of an external field in the electrodynamic model of the electrical transport along the z-axis of the multilayered structure in Figure 1b . This is will be done in this section by extending the model presented in [25] [26] [27] [28] . To this end, we will start with a brief review of the transport model presented in the above references; then, we extend it to include the tunneling effect.
A Glimpse at the Graphene Nanoribbon Band Structure
The transport model presented in [25] [26] [27] [28] is based on the knowledge of the band structure of the GNRs, which can be expressed in terms of the energy dispersion relation of the conduction electrons (the so-called π-electrons) in graphene [29] : [ ]
where B k is the Boltzmann constant and 0 T is the absolute temperature.
Graphene nanoribbons are obtained by cutting a graphene layer in ribbons of a transverse width w much smaller than the longitudinal length (w << l, see Figure 1b ). Two basic shapes may be obtained, "armchair" (A-GNR) or "zig-zag" (Z-GNR): they differ in the edges, which show a 30° difference in their orientation within the graphene sheet.
The width w of a graphene nanoribbon is directly related to the number of N dimers (two carbon sites) for the A-GNRs, and the number N of zig-zag lines for the Z-GNRs. The unit cell has translational length
In the nearest-neighbor tight-binding approximation, the dispersion relation of A-GNRs for the generic µ-th band is given by [30, 31] :
where μ μ ε 2cos( ), p = and the transverse wavenumber μ p is determined by the edge boundary condition:
For Z-GNRs the energy spectrum may not be given in closed form. However, in the nearest-neighbor tight-binding approximation, it can be derived by solving the eigenvalue problem [30, 31] :
where H is a 2N × 2N symmetric sparse matrix that has nonzero elements only in the first diagonals below and above the main diagonal, defined as:
Note that A-GNRs are metallic only for , 1 3 − = q N with q = 0,1,2,.., whereas for other values they are semiconducting. As for Z-GNRs, they have partially flat bands owing to the degeneration of edge states at
; hence, their bandgap is always zero and their behavior is always metallic [31] . Figure 2 shows the typical band structures for A-GNRs, either in metallic and semiconducting cases. 
Transport Model along Graphene Nanoribbons, without the Tunneling Effect
The cross-section sizes of GNRs are typically large enough (at least 1 nm in the quantum confined directions) to have local crystal structures and to allow using the semi-classical transport model. Thus, the electrons are regarded as classical particles, which move under the action of a longitudinal electric field according to Boltzmann transport equation.
In the THz range we can assume that the following conditions hold:
(i) the GNR width w is electrically small; (ii) the transverse currents may be neglected; and (iii) only intraband transitions are considered, whereas interband ones are not allowed. Conditions (i) and (iii) are fully satisfied in the THz range, since the GNR width w is far below the minimum wavelength (0.03 mm at 10 THz), and the interband transitions occur at optical frequencies. Condition (ii) is fulfilled for large aspect-ratio GNRs.
Let us consider time-harmonic variation for the fields, expressed as
where β is the wavenumber, and let us indicate with ) , ( t z J z and ) , ( t z E z the longitudinal component of the current density and the electric field, respectively. The latter is written as:
If the tunneling effect is neglected, the current density along the n-th signal line (n = 1,2) only depends on the electric field on the same line, and the following generalized Ohm's law may be written in the wavenumber domain [32, 33] :
where σ (β, ω) n is the generalized longitudinal conductivity, which may be expressed as:
where e is the electron charge,  is the Planck constant, F v the Fermi velocity, usually of the order of m/s, 10 6 and n ν is the collision frequency. The functions n M and α n appearing in Equation (9) are expressed in terms of the energy bands Equation (1),
and by their associated velocities
where F s the Dirac-Fermi distribution defined by Equation (2), n M represents the equivalent number of conducting channels, which depends on GNR chirality, width, and temperature, too, as shown in [27] .
In the following, we assume that the two GNRs have the same chirality and width; therefore, all the parameters in Equations (8)- (11) are the same, in particular:
α α = , and .
Following the stream of [32, 33] , by coupling generalized Ohm's law (8) to Maxwell's equations it is possible to model the interconnects in Figure 2 as a lossy multiconductor transmission line (MTL), and, thus, the vectors of the spatial distributions of voltages, ), (z V and currents, I(z), are solutions of the telegraphers' equations, which read in the frequency domain:
where eq eq I V ′ ′ , represent two equivalent forcing terms related to the external impinging field:
The per-unit-length (p.u.l.) matrix parameters are given by [32] [33] [34] :
where U is the unitary matrix, R, LM, and CE are the electrical resistance, magnetic inductance, and electrostatic capacitance matrices, respectively, whereas matrix K is given by:
Here, the quantum nature of the electrodynamics is taken into account by the p.u.l. kinetic inductance, k L , and quantum capacitance, q C , given by:
, the quantum resistance.
The properties of such a model are discussed in Section 3. Note that, in view of using the GNR pair as a single line (i.e., feeding them in parallel), it is possible to derive an equivalent single line model, for instance by following the approach in [35] .
Transport Model along Graphene Nanoribbons, with the Tunneling Effect
In this paragraph, we extend the above model to include the possibility that the two GNRs may interact among them via the tunneling effect. In this case, we modify the generalized Ohm's law (Equation (2)) taking into account the possible mutual interaction between the two GNRs:
where 11 22ˆσ σ σ s = = are the self-conductivities given as in Equation (2), whereas the mutual conductivities 12 21ˆσ σ σ m = = may be expressed as follows:
where the complex frequency is defined as ,
In the above relations, a fundamental role is played by the tunneling frequency t ω , related to the binding energy ω t  due to delocalization of the π-electrons for the tunnel effect.
As a consequence of new constitutive relation Equation (17) , the MTL model derived by coupling Equation (17) 
where Θ is the matrix:
The kernels in Equation (20) are defined as
Note that the operator tun L also adds to the kinetic inductance U k L in the modified expression of the resistance matrix R. Operator's Equations (20) and (21) introduce a spatial and frequency dispersion, which affects the relations between the voltages and the p.u.l. charge and the currents, and the p.u.l. magnetic flux.
Discussion: Two Mechanisms of THz Resonance Excitation for the Proposed Detector

Interpretation of the THz Plasmon Resonances
The model presented here includes the possibility to excite plasmon resonances in the detector of Figure 1 . This phenomenon can be also observed in the simpler case where only one GNR is used to contact the two electrodes; therefore, in the following we will assume a single GNR. In the absence of tunneling, the circuit model in Section 2.2 reduces to that of single lossy TL, with p.u.l. parameters given by:
These results hold because it is usually : typical values of these two parameters normalized to an ideally-scaled copper interconnect of the same dimensions would be:
The plasmon resonances are then obtained by imposing the classical resonance condition along a transmission line, that is:
Let us refer to the detector in Figure 1a , assuming a metallic A-GNR, of width nm 2 = w and length l = 1 μm. The GNR lies on a dielectric layer of permittivity ε 2.2 r = and thickness 0.1 μm.
In the absence of external field, the TL model with p.u.l. parameters (Equation (25)) provides the input admittance reported in Figure 4 , which clearly shows the existence of a plasmon resonance in the THz range. If the contact would be realized by copper instead of graphene, the higher propagation velocity would shift such a resonance to a frequency about two orders of magnitude higher, hence outside the THz range. This confirms a well-known result in the literature: in carbon-based nanostructures, by exciting the propagation of plasmons, i.e., such slowed down surface waves, it is possible to obtain resonances in the THz range, with reasonable lengths of the detector device [36] [37] [38] . Note that the high length/width ratio used in this example makes this configuration hard to be realized. According to Equation (27) , reducing the length by a factor X means increasing the plasmon resonance frequency by the same factor. Therefore, to have plasmon resonance in the THz range we should fabricate a GNR with a minimum length of the order of about 100 nm. Figure 1 , with a GNR of length 1 μm, compared to the case of Cu electrodes short-circuited.
New THz Resonances for the Tunneling Effect
Let us now investigate a new mechanism of resonance excitation in the THz range, associated to the tunneling effect. To this end, we will refer to the detector in Figure 1a , assuming the contacts to be made by two metallic A-GNRs, of width nm 2 = w and length l = 50 nm. In addition, a dielectric layer of permittivity ε 2.2 r = and thickness 0.1 μm is considered. According to criterion Equation (27) , for such a GNR length no plasmon resonances fall in the THz range.
To maximize the tunneling effect, we assume that the two GNR layers are separated by a minimum distance, namely the Van der Waals distance δ 0.34 nm: = for such a case, a measured value of binding energy of ω 35 meV t ≈  was reported, which corresponds to a tunneling frequency of GNR Cu the interlayer distance [39] or intercalating the layers with dopants, or even rotating the GNRs to form an angle, in order to excite the so-called chiral or Klein tunneling effect [40] . All these mechanism could be investigated in view of realizing multi-frequency detectors.
For the sake of simplicity, we consider the impinging external field, i E , to be a time-harmonic plane-wave with a wave-vector orthogonal to the z-axis. The general case of a field hitting the detector with any other angle may be handled by projecting the field in the plane of the detector.
To solve MTL equations, let us focus on the effect of the additional term tun L Equation (20), assuming that the quantum capacitance is such that in Equation (14) it is U K U ≈ +
. Having assumed a length below 100 nm, in the THz range the line is electrically short and it is possible to disregard the spatial variation of the distribution of the currents along it. In other words, we can neglect the spatial dispersion introduced by Equation (20) and focus on the frequency dispersion. In addition, since Hz, 10 12 ≈ ν in the THz range it is also ω ω. ′ ≈ As a consequence, the tunneling operator Equation (20) may be approximated as:
Therefore, the tunneling effect introduces a singularity in operator (Equation (28), for a frequency ω 2ω .
This singularity is responsible for a resonance peak in the response of the device.
For instance, Figure 5 shows the absolute value of the line transmission coefficient (i.e., the scattering parameter 21 | (ω) | S ), assuming a matched load condition, in the absence of an external field. Without the tunneling effect, this coefficient exhibits the expected behavior for a matched load, but in the presence of tunneling there is a pronounced absorption peak corresponding to the abovementioned frequency 2ω / 2π 3.2 THz. Such a behavior may be exploited for using the circuit in Figure 1a as a detector. To this end, let us assume that the external field i E induces currents only on the outermost GNR layer, being the inner one shielded by it. This is reasonable, if we take into account the extremely short distance between the two GNR layers. In this case, we can solve the MTL Equation (12) in Section 2, assuming that the source terms eq eq I V ′ ′ , are only active on the outer line (say, Line 1), whereas they are put to zero on the other line (say, Line 2):
Let us assume that the circuit is illuminated by the external field and the line is left open-circuit at both ends. The external field is chosen such to induce a current of 0.2 mA along the outer line (Line 1). In Figure 7 we plot the voltages obtained at the two ends of the GNR contacts for varying values of the frequency of impinging field, with or without the tunneling effect. The result suggests the possibility of detecting an incoming field in the THz range, thanks to the resonance effect due to tunneling.
The possibility of exciting these resonances is strictly related to the unbalanced currents flowing in the two lines, as in the proposed case. The opposite case would be that of assuming that the external field induces exactly the same current on the two lines, i.e., a pure common mode current is excited. In this case, the self and mutual terms related to tunneling cancel themselves. This result is shown in Figure 8 , where the terminal voltages are calculated in presence of a common current of 0.01 mA excited by the external field. The resonance peak appears again only if the currents are misbalanced, as shown by the results in Figure 8 , referring to different values of the relative difference 
Conclusions
In this paper we have investigated a new possible mechanism to detect signals in the THz range, based on the tunneling effect between two adjacent graphene nanoribbons. The electrodynamic transport model along a line made by a GNR pair above a ground plane is obtained by generalizing an existing model based on the semi-classical solution of the Boltzmann equation. The generalization proposed here allows including the transverse coupling between two adjacent GNRs, imposed by tunneling effect. The final circuit model is written in the frame of the multiconductor transmission lines, where the tunneling effect introduces new operators which must be taken into account in the general expressions of the model parameters: resistance, inductance, and capacitance. These operators introduce in the model a spatial and frequency dispersion, and in particular, a singularity corresponding to a frequency value related to the tunneling frequency. For typical GNR dimensions, this phenomenon leads to a resonance peak in the response of the line in the THz range.
The model is also able to predict the existence of the well-known plasmon resonance in the THz range: it is shown that the new resonances associated with the tunneling may be observed for line lengths such that no plasmon resonance may occur in the THz range. Finally, it is shown that the GNR pair may be used to detect a THz wave provided that the system must be designed in such a way that the current excited in one GNR layer by the external field is not exactly the same as that excited in the other layer. This can be obtained by the shielding effect of the outermost layer with respect to the innermost one. The best condition for detector sensitivity will be having one layer completely shielded by the other one. To this end, future work will be devoted to designing a new configuration of electrodes to contact the two layers separately.
